1. Kaplansky proposed in [7] three problems with which to test the adequacy of a proposed structure theory of infinite abelian groups. These problems can be rephrased as test problems for a structure theory of operators on Hilbert space. Thus, R. Kadison and I. Singer answered in [6] these test problems for the unitary equivalence of operators. We propose here a study of these problems for quasisimilarity of operators on Hilbert space. We recall first that two (bounded, linear) operators T and T\ acting on the Hilbert spaces J^ and 3tf", are said to be quasisimilar if there exist bounded operators X\3F -» 3fé" and Y\JF' -> 3% with densely defined inverses, satisfying the relations T'X = XT and TY = YT'. The fact that T and T f are quasisimilar is indicated by T ~ T f . The problems mentioned above can now be formulated as follows.
As in the case of unitary equivalence, it is clear that Problem 2 has a negative answer, unless some finiteness assumption is made about T. Simple counterexamples can be produced by taking T, T\ T" to be the zero operators on Hilbert spaces of various dimensions. In the case of unitary equivalence the answer to Problem 3 is always yes, and this can be seen by applying a version of the Cantor-Bernstein argument. The reader will easily convince himself that such an argument is bound to fail for quasisimilarity, or even for similarity.
In what follows we will give complete answers to the three problems stated above in the particular case in which all the operators involved are of class C 0 . For the reader's convenience we recall some basic definitions (cf. also Chapter III of [8] ). An operator T, acting on a Hilbert space, is said to be of class C 0 if it is a completely nonunitary contraction (i.e., ||r|| ^ 1 and Thas no unitary direct summands) and u(T) = 0 for some u in the algebra H°° of all bounded analytic functions on the unit disc D = {\:|\| < 1}.
The latter condition means that lim u(rT) = 0 in the strong operator topology, where u(rT) is given, for example, by the Riesz-Dunford functional calculus. If T is an operator of class C 0 , the ideal {u e H°°:U (T) = 0} is principal, and it is generated by an (essentially unique) inner function denoted m T .
The simplest operators of class C 0 are the Jordan blocks which we presently define. Denote by H the usual Hardy space for D, that is, { oo oo > f:f(\) = 2 a n \", \\\ < 1, 2 \af < + <x> },
and denote by 5 the shift operator on H 2 defined by
For every inner function 0 e i/°° we set
and denote by 5(0) the compression of 5 to Jf(0)\ S(ff) = PjrwSWiff). The operator S(6) is called a Jordan block; it is an operator of class C 0 and the ideal [u e H°°:u(S(0)) = 0} is generated by 0. Note that S(6) = 5((9 r ) if and only if 0 r = yd for some y G C, H = 1. We write 6 = 0' if 5(0) -5(0 r )-We can now define a more general class of operators, called the Jordan operators. Assume that for each ordinal number a we are given an inner function 6 a G H°° such that (i) 6 a divides Op whenever a ^ /?; (ii) 0 a = dp whenever card(a) = card(j8); and (iii) 0 a = 1 for some a (and hence Op = 1 for /? ^ a).
In this case the operator
T -$ S(0 a )
is called a Jordan operator; T is of class C 0 and m r = 0 O . The following result, proved in [3] and [1] , shows why Jordan operators are important in the study of the class C 0 .
THEOREM 4. Every operator T of class C 0 is quasisimilar to a unique Jordan operator, called the Jordan model of T.
We are now able to answer Problem 1 for the class C 0 . PROPOSITION 
Assume that T and T' are operators of class
Proof. The idea is that the Jordan model of T can be determined if we know the Jordan model T © T. Indeed, assume that © S(<eJ a is the Jordan model of T, and define inner functions \p a as follows: Likewise, Problem 3 has a positive answer whose proof is based on Jordan operators. In fact. B. Sz.-Nagy and C. Foias proved in [9] a much stronger result which we state below. We recall that an operator T can be injected into an operator T' if there exists a continuous one-to-one operator X satisfying the equation T'X = XT. We indicate by T -k T f the fact that T can be injected into T'. Then the relevant result in [9] is as follows. Problem 2 is more difficult to answer, and its solution will occupy the rest of this paper. As mentioned above, a positive answer to Problem 2 can only be obtained under some additional finiteness assumption (we note here that the zero operator on any Hilbert space is an operator of class C 0 , so that the counterexample mentioned above does apply to the class C 0 ). In order to arrive at the right finiteness assumption we need some preliminaries, and we begin with some simple combinatorics.
We denote by 5^ the set of all bounded sequences {x n \n ^ 0} of nonnegative real numbers, and by 5^ the collection of all nonincreasing sequences in^ We can define a sorting operation sort: Sf ->S^0 as follows. Let x = {x n :n i^ 0} be an element of ^ and set
It is clear that the sequence {o n :n â 0} is nondecreasing, and we set sort(jc) = y, where y = {y n :n i? 0} is given by
The following result shows that sort(x) belongs to S^0, and that sort is indeed a sorting in many cases (it is instructive to calculate sort(x) in case x is an increasing sequence).
LEMMA 7. Let x = {x n :n ^ 0} and y = {y n '.n ^ 0} be such that x e 5f and sort(x) = y. Then for every integer n = 0, and every positive real number t the following assertions are equivalent:
Proof Assume first that (ii) holds, and let 0 ^ i A < i 2 < . . . < /" + 1 be integers. Then it follows that there exists some k, 1 ^ k ^ n -\-1, such that JC, â t. Thus 
7=1 ' 7=1
J and, as before, this implies that a n + t + e ^ a w + 1 .
Equivalently, we proved that t + e ^ y n , and hence (i) fails. The lemma is proved.
If JC = {x n :n ^ 0} andjy = {y n \n = 0} are elements of £? we denote by x U y the sequence JC 0 , y 0 , x^, y^9. . . i.e., Proof. Assume first that x = {x n :n = 0} does not converge to zero, and let j^ = {y n '-n = 0} be defined by^7 = t, n i? 0, where / is any number satisfying 0 < / < lim x n .
It is easy to verify that x = sort(x Uj), and hence the map
is not one-to-one.
Conversely, assume that lim x n = 0, n->oo and let y = {y' n '-n = 0} and y" = {y^'-n = 0} be two distinct elements of <9Q. Denote by q the first integer such that y' q ¥= j/' and assume for definiteness that y' < y'J. Denote next by p the first integer satisfying the inequality x < y^\ such an integer exists because lim x n = 0.
n-*oo
We will show that
is different from sort(jc U /') = {z'^n â 0}
by proving that
The definition of sort, and that fact that x, y' e ^Q, shows that Therefore the map y -> sort(x U y) is one-to-one, as desired. The lemma follows.
In order to see what is the relevance of sorting to the theory of the class C 0 , we study the Jordan models of certain operators acting on separable spaces. Let {<p.:j < to} be a sequence of inner functions in H°°. We remark that the operator T = e sty We deduce at once the formula
The formula for Q. can thus be viewed as a multiplicative analogue of the sorting operation in H°°. The analogy can be made more precise by the use of the factorization theory for inner functions. We recall (cf., e.g., [5] ) the definitions of Blaschke products and of singular inner functions. For every point a e D we set 
^(X) = exp(-jT^|^(n).
It is known that every inner function 0 e H°° can be written uniquely as
where y e T, b^ is a Blaschke product, and s v is a singular inner function, as defined above. Moreover, if 0' = y'b^Sj is another inner function, then The result just described is the basic ingredient in our solution of Problem 2; we don't state it as a separate proposition because such a statement would be rather lengthy and cumbersome.
Definition 9. An operator T of class C 0 is said to have property (P) if every operator X e {T}', satisfying the condition ker X = {0}, has dense range.
Operators with property (P) are characterized by the following result from [2] . Since ©,-<(0 S (ft) is a Jordan model and <p divides ft for all j < co, we have /*'(*) = ty+ifa) = My(û), a e D,j < oe 9 and, upon a ^-negligible modification of the functions /", we may also assume that /xn ^ y;+,(n ^ #n, ?eT,;<«.
We prove now that the Jordan model of We conclude that ft' = ft.''y < co, and hence 7' = T'\ as desired. (The conclusion 7" = T" is stronger that T' ~ T" because T' and T" were taken to be Jordan operators.) The proof of (i), and of the theorem, is now complete.
We remark that Kadison and Singer [6] require, for the solution of Problem 2 in the case of unitary equivalence, that the von Neumann algebra W*(T) generated by T and the commutant W*(T)' be finite von Neumann algebras. Our condition in Theorem 11 only involves {T\. Of course, {T}' D W*(T)\ SO in a sense we require a stronger finiteness condition (which in our case turns out to be necessary as well as sufficient). It would be interesting to know whether Problem 2 has a positive answer for unitary equivalence under the condition that {T}' be finite or, more precisely, that T have property (P) (cf. Definition 9 above).
